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Abstract 

This paper presents a new approximate analytical solution for the capillary vibrations in a Lotus-rhizome-

node-like structure. The approximate solution was obtained using the quasi-static quintication method. 

The approximate analytical solution of the capillary vibrations was verified by comparing with exact 

numerical solutions and was found to have a maximum relative error that is less than 0.1% for the cases 

considered. Previously published solutions of the capillary vibration model were also evaluated. It was 

found that the variational principle solution for the frequency-amplitude response produced the most 

accurate results, while the Taylor series method produced the least accurate results. However, the present 

solution derived using the quasi-static quintication method was found to be significantly more accurate 

than the variational principle solution. Hence, the approximate solution presented here can be used to 

perform a more accurate vibration analysis of the present capillary oscillator, whereas the quasi-static 

quintication method can be applied to investigate similar nonlinear models. 
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1. Introduction 

 The phenomenon of capillarity occurs when the 

forces binding a liquid together (cohesion and 

surface tension) and the forces attracting that bound 

liquid to another surface (adhesion) are greater than 

the force of gravity. Capillary action is vital across 

nearly all biological systems. For example, plants 

utilize capillary action to absorb moving water 

molecules inside the soil into the roots of the plant. 

In the human body, gaseous exchanges between 

alveoli and capillaries in the respiratory membrane 

of the lungs are achieved through capillary action. 

Capillarity helps us naturally by pumping out tear 

fluid in the eye. Also, it is used in various 

interesting technological applications. Thin-layer 

chromatography uses capillary action in which a 

layer of liquid is used to separate mixtures from 

substances. Microfluidic devices use capillary 

effects to manipulate and transport small volumes 

of liquid. Capillary elements can be designed to 

tune capillary flows in these devices and similar 

systems. These have important applications in 

diagnostics and drug delivery.  

 Liquid-filled capillary tubes are common 

structures in nature and engineering, and they often 

function through vibration (Liu et al., 2020). The 

transfer of air to the capillary fluid surface is what 

causes the vibration. The capillary vibration arises 

from the balance of forces produced by the 

capillary's geometric potential and fluid weight (He 

and Jin, 2020). This capillary vibration determines 

the capillary frequency which is capable of 

affecting the capillary rise significantly. The 

capillary rise, in turn, affects the heat and mass 

transfer processes of the capillary system (Jin et al., 

2019). The vibration of liquid-filled capillary 

structures plays an important role in engineering 

and technology. For instance, microchannel 

resonators are used to characterize the density and 

viscosity of fluid based on the vibrational properties 

of the device (Liu et al., 2020).  

 Few studies have been conducted on vibration 

due to capillary phenomena. Jin et al. (2019) 

formulated an oscillator model for the capillary 

vibration of a Lotus-rhizome-node-like deforming 

tube with periodic boundary condition. The Lotus 
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root is an edible rhizome of the lotus plant (see 

Figure 1a). It has a unique geometry with its canals 

regularly aligned. Capillary forces help to pull 

liquid up the side of the tube due to its curvature. 

The oscillator model derived for the Lotus-rhizome-

node-like deforming capillary tube is that of a 

conservative system with linear and harmonic 

restoring force. They solved the oscillator model by 

employing the homotopy perturbation method 

(HPM) and showed that the frequency of the 

capillary vibration has a significant effect on the 

capillary rise.  He and Jin (2020) discussed some 

effective methods for vibration analysis of the 

capillary oscillator proposed by Jin et al. (2019). 

They explored the frequency solution of five 

analytical methods, namely: variational principle, 

variational iteration method (VIM), Taylor series 

method (TSM), He's frequency formulation and 

homotopy perturbation method (HPM). Lin and 

Yao (2019) suggested two approaches (Taylor 

series-based approach and max-min approach) for 

fast estimation of the periodic solution of a fluidic 

capillary oscillator for ion release in hollow fibre.  

 Other studies (Cai et al, 2005; Elias-Zuniga, 

2014; Elias-Zuniga and Martinez-Romero, 2013; 

El-Dib and Matoog, 2021) have investigated the 

periodic solution of the conservative oscillator with 

linear and harmonic restoring force without 

necessarily investigating capillary oscillations. 

Some of these studies have derived very accurate 

approximate analytical solutions for the 

conservative oscillator with linear and harmonic 

restoring force (Elias-Zuniga, 2014; Elias-Zuniga 

and Martinez-Romero, 2013), but the solutions are 

quite complicated and the frequency-amplitude 

response were derived in terms of special 

functions. The most desirable features of an 

analytical method for the periodic solution of 

nonlinear oscillators are accuracy and simplicity. 

The latter quality is especially important in the 

estimation of the frequency-amplitude response, 

which can be used to study various nonlinear 

phenomena. Therefore, the present study proposes 

a new approximate analytical solution for the 

capillary vibration in a Lotus-rhizome-node-like 

capillary tube using the quasi-static quintication 

method (QQM) (Big-Alabo, 2020; Big-Alabo et al., 

2021). The QQM is a recent method for the 

periodic solution of nonlinear oscillators and has 

been shown to be simple while accurately 

predicting the periodic response of strong nonlinear 

oscillators (Big-Alabo et al., 2021). Moreover, the 

frequency-amplitude solution can be derived in 

terms of elementary functions, which is desirable. 

The frequency-amplitude and displacement 

solutions obtained for the Lotus-rhizome-node-like 

capillary oscillator were compared with 'exact' 

numerical solutions and other published solutions 

to demonstrate the accuracy of the present solution. 

2. Materials and methods 

2.1 Mathematical model of the Lotus-rhizome-

node-like capillary oscillator 

 A cross-sectional view of slices of the lotus-

rhizome root is shown in Fig. 1(a). The cross-

sectional view reveals clearly visible pores through 

which the lotus-rhizome root transports fluid by 

capillary action. A schematic of the present 

capillary oscillator is shown in Fig. 1(b). It has a 

sinusoidal boundary condition which is similar to 

that of the capillary pores in the lotus rhizome root. 

Due to the sinusoidal boundary condition, the cross-

sectional radius ( ) of the present capillary 

oscillator, at any point during vibration, can be 

written as: 

                                                                    
where    is the radius at equilibrium   
        ⁄  is a geometric parameter representing 

the amplitude of the sinusoidal boundary condition 

and   is the frequency of the sinusoidal boundary 

condition. Similarly, the mass of the vibrating fluid 

is given as: 

                                                                     

where    is the mass at equilibrium,    is the 

cross-sectional area,   is the density of the fluid and 

  is the displacement of the fluid relative to the 

equilibrium position,   .  

The resultant force causing the vibration of fluid 

is due to the capillary force (  ) and weight of the 

fluid ( ). Based on the geometric potential theory, 

the capillary force follows the inverse square law 

and is given as (Jin et al, 2019; Li and He, 2019): 

   
 

  
 

 

  
 [             ] 

                          

where        is a constant of proportionality that 

depends on the system’s properties. Note that 

equation (1) was applied to arrive at Equation (3). 

Then, according to Newton’s 2
nd

 law of motion, 

   ̈                                                     

where the overdot represents differentiation with 

respect to time and   is the acceleration due to 

gravity. Substituting Equations (2) and (3) into the 

right-hand side of Equation (4) gives: 
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Fig. 1: (a) Cross-section of sliced Lotus-rhizome root (Nelumbo nucifera) (b) Sketch of Lotus-rhizome-

node-like capillary oscillator. (Source of picture of lotus-rhizome root: https://www.alamy.com/stock-

photo/lotus-rhizome.html) 

 

To simplify Equation (5) further, we can safely 

assume that        based on the geometry of 

the oscillator. By Maclaurin series expansion, 

Equation (5) can be written as: 

   ̈             
 

  
 (  

 

  
     )

                                                         
In arriving at equation (6), higher order terms of 

     were neglected based on the assumption that 

      . Finally, at equilibrium point, the 

displacement and acceleration are zero, and 

according to Equation (5), the following condition 

is satisfied: 
 

  
                                                                            

Now, substituting the equilibrium condition of 

Equation (7) into Equation (6) and simplifying, we 

arrive at the following model for the capillary 

vibration in the Lotus-rhizome-node-like structure: 

 ̈    
                                                         

where the parameters   and    are given as 

follows: 

   √
    

  
   

   

    
                                           

and the initial conditions are        and 

 ̇     . Equation (8) is the vibration model of a 

conservative system with linear and harmonic 

restoring force. Equation (8) has no know exact 

analytical solution. The aim of the present study is 

to derive a simple and accurate approximate 

analytical solution for Equation (8) using the quasi-

static quintication method. 

 

2.2 Quasi-static quintication method 

The idea behind quintication methods (Elias-

Zuniga, 2014; Big-Alabo, 2020) is that the original 

nonlinear vibration model can be replaced by an 

equivalent cubic-quintic oscillator model and the 

exact solution of the later is used to estimate the 

solution of the original vibration model. For the 

QQM, the coefficients of the equivalent cubic-

quintic oscillator were derived based on quasi-

static equilibrium principle (Big-Alabo, 2020). This 

enabled simple expressions for the coefficients that 

are always in terms of elementary functions, unlike 

the Chebyshev quintication method where the 

expressions for the coefficients are sometimes 

complicated and contain special functions. Details 

of the derivation of the QQM solution are given in 

Big-Alabo et al. (2021) and are not repeated here 

for brevity. Only the key results of the QQM are 

stated and applied to solve to present capillary 

oscillator model.  

According to the QQM (Big-Alabo et al., 2021), 

the approximate time period can be derived from: 
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 [          ] 
                                                                                                                                             

while the displacement solution is: 

     
         

[                             ]   
                                                                                             

where        ,         and         are Jacobi elliptic 

functions that can be evaluated using built-in 

functions in Mathematica software package. The 

time period and displacement solutions in 

Equations (10) and (11) depend on three QQM 

parameters ( ,   and  ) that are derived from the 

following expressions (Big-Alabo et al., 2021). 
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     ∫       
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 ∫       
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where      is the nonlinear restoring force 

function of the original vibration model. 

2.3 QQM solution for present capillary oscillator 

For the present capillary oscillator model 

derived in Equation (8), the nonlinear restoring 

force function is        
         . 

Therefore,        
         ,         

  

        and ∫       
 

 
 

 

 
  

    
 

 
         . Substituting these results into 

Equations (12) to (14) and simplifying gives the 

QQM parameters for the capillary oscillator as: 

 

  
 

 
 

(

 
    

                    √  

  √   
          (   

               )
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  *
   

          (   
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+

 
 ⁄

                                                                                  

and 

  *
     

          

   
               

+

 
 ⁄

                                                                                                                        

 

Then, using equations (15) to (17) in Equations 

(10) and (11) gives the approximate solution for the 

capillary vibrations. Hence, the QQM solution for 

the period of the capillary oscillator was derived as: 
 

     

  *
   

(  
         )(   

               )
+

 
 ⁄

[  (
 

 
 

    
                    √  

  √(  
         )(   

               )

)

 
 ⁄

]

                                                                      

while the exact period was determined numerically 

from Equation (19). Also, the exact displacement 

solution was determined by numerically integrating 

Equations (20a) and (20b). 
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and 
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3. Results and discussion 

3.1 Verification of QQM solution 

To verify the accuracy of the QQM, the exact 

numerical results obtained using the built-in 

NIntegrate function in Mathematica to solve 

Equations (19) and (20) were compared with 

corresponding QQM results as depicted in Fig. 2 

and 3. For the present investigation, the amplitude 

of vibration has been limited to    , and all 

simulations were performed using      , 

       and       , unless otherwise stated. 

Note that the amplitude range considered captures 

strong nonlinearity and large-amplitude response.  

The QQM results are seen to match the numerical 

results for frequency-amplitude and displacement 

responses. The QQM solution was able to predict 

the strong nonlinear and large-amplitude response 

with remarkable accuracy and the maximum 

relative error was calculated to be less than 0.1%. It 

was observed that the natural frequency of the 

present capillary oscillator reduced with increase in 

amplitude (Fig. 2). The decrease was more rapid 

when      , which is an indication of a strong 

nonlinear response. Also, the displacement profile 

is anharmonic in this range although this many not 

be so obvious from Fig. 3b to 3d. 

 

 
Fig. 2: Frequency-amplitude response of the Lotus-rhizome-node-like capillary oscillator 
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Fig. 3: Displacement versus time at (a)       , (b)      , (c)        and (d)           . 

 

3.2 Evaluation of previous frequency-amplitude 

solutions  

Jin et al. (2019) obtained frequency-amplitude 

solution for the Lotus-rhizome-node-like capillary 

oscillator based on the homotopy perturbation 

method while He and Jin (2020) derived frequency-

amplitude solutions based on variational principle, 

variational iteration method, frequency-amplitude 

formula and Taylor series method. The frequency-

amplitude solutions derived by Jin et al. (2019) and 

He and Jin (2020) are given below.  

Variational principle: 

   

 √  
  

  

   
*           (

√ 

 
  )+          

 

Variational iteration method: 

     √  
    (  

 

 
     )                        

Equation (22) was also the solution obtained based 

on the first-order homotopy perturbation method 

and the frequency amplitude formula. Therefore, 

              . 

Taylor series method: 

     
 

 
√
  

           

 
                                 

The accuracies of Equations (21) to (23) were 

not tested in the studies where they were derived 

(Jin et al, 2019; He and Jin, 2020). In this section, 

the accuracies of these solutions were evaluated 

and compared with the QQM solution as shown in 

Table 1. All results in Table 1 were rounded to six 

decimal places and the relative error was calculated 

as        |          |, where      

represents the approximate frequencies i.e.     , 

   ,     ,     ,     , and     . It was 

observed that the TSM solution was the least 

accurate and its error was well above the 

acceptable limit for engineering computations. This 

TSM solution was derived based on a second-order 

approximation of the Taylor series. He and Jin 

(2020) also derived a more accurate TSM solution 

based on fourth-order approximation of the Taylor 

series but this solution is complex and not derived 

in closed-form. It requires numerical solution to 

obtain the frequency estimates. Hence, it was not 

evaluated in this investigation. The first-order 

VIM, first-order HPM and the FAF all gave the 

same results which were accurate to less than 1.0% 

error for       rad. The error in these solutions 

was seen to increase rapidly beyond      , 

where strong nonlinearities are experienced. More 

accurate estimates can be obtained from higher-

order approximations of the VIM and HPM but the 

solutions are expected to be more complicated and 

would most likely require numerical solution. On 

the other hand, the solution of the variational 

principle produced results that were accurate to less 

than 1.0% for the range of amplitudes considered 

i.e.    . Hence, among the previously published 

solutions for the frequency of the present capillary 

oscillator, the variation principle produced the most 

accurate results. Yet, the QQM solution is still 
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significantly more accurate than the solution of the 

variation principle as seen from Table 1. However, 

the solution of the variation principle (Equation 

(21)) is algebraically simpler than the QQM 

solution. 

4. Conclusions  

Capillary vibration is a very useful phenomenon 

in many natural and technological processes. In this 

paper, a new accurate approximate solution was 

derived for the capillary vibrations in a Lotus-

rhizome-node-like capillary tube using the quasi-

static quintication method. The approximate 

frequency-amplitude response was derived in 

closed-form in terms of elementary functions, 

while the displacement response was derived in 

terms of Jacobi elliptic functions. Comparison of 

the QQM solution with exact numerical solutions 

showed a remarkable accuracy for the amplitudes 

considered and the maximum relative error of the 

QQM solution was found to be less than 0.1%. 

Previously published frequency-amplitude 

solutions obtained by other methods were 

evaluated and discussed. It was observed that the 

variational principle method produced the most 

accurate frequency-amplitude results while the 

Taylor series method produced the least accurate 

results. This is due to the slow convergence of the 

Taylor series. However, the QQM solution was 

found to be significantly more accurate than the 

variation principle solution although the latter is 

algebraically simpler. The study showed that the 

QQM produced a very accurate approximate 

analytical solution for the Lotus-rhizome-node-like 

capillary oscillator and can be used for further 

studies such as bifurcations in the system. Also, the 

QQM can be applied to investigate similar 

nonlinear oscillator models such as the nonlinear 

oscillator with cubic and harmonic restoring force 

(Hosen and Chowdhury, 2015). 
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Table 1: Frequency-amplitude results of QQM and previous methods compared with exact numerical results 

A               (%)         (%) 

    /     

/          (%)           (%) 

      1.414199 1.414199 0.000000 1.414200 0.000071 1.414200 0.000071 2.221413 57.079237 

     1.414160 1.414160 0.000000 1.414160 0.000000 1.414160 0.000000 2.221329 57.077629 

     1.414094 1.414094 0.000000 1.414092 0.000141 1.414092 0.000141 2.221188 57.074989 

     1.413998 1.413998 0.000000 1.413998 0.000000 1.413998 0.000000 2.220990 57.071651 

     1.413877 1.413877 0.000000 1.413877 0.000000 1.413877 0.000000 2.220737 57.067199 

     1.412869 1.412869 0.000000 1.412868 0.000071 1.412867 0.000142 2.218624 57.029703 

    1.408843 1.408843 0.000000 1.408844 0.000071 1.408818 0.001775 2.210203 56.880717 

    1.402174 1.402174 0.000000 1.402175 0.000071 1.402045 0.009200 2.196269 56.633128 

     1.392920 1.392920 0.000000 1.392918 0.000144 1.392507 0.029650 2.176970 56.288229 

      1.381160 1.381160 0.000000 1.381154 0.000434 1.380147 0.073344 2.152520 55.848707 

    1.366998 1.367000 0.000146 1.366985 0.000951 1.364889 0.154280 2.123188 55.317564 

      1.341540 1.341546 0.000447 1.341503 0.002758 1.336344 0.387316 2.070780 54.358424 

    1.311508 1.311524 0.001220 1.311416 0.007015 1.300606 0.831257 2.009527 53.222626 

     1.240483 1.240569 0.006933 1.240063 0.033858 1.204860 2.871704 1.867529 50.548536 

     1.160705 1.161020 0.027139 1.159271 0.123546 1.069235 7.880555 1.714246 47.690068 

       1.106898 1.107544 0.058361 1.104017 0.260277 0.948456 14.314056 1.616108 46.003335 

         1.083454 1.084315 0.079468 1.079618 0.354053 0.883159 18.486710 1.575178 45.384853 

 


